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$EVWUDFW

,Q WKLV ZRUN DQ DSSUR[LPDWH SURFHGXUH IRU WKH IDVW
HYDOXDWLRQRIPRGDOYROWDJHVDQGFXUUHQWV LQGXFHGDW WKH
WHUPLQDWLRQV RI QRQLGHDO GLIIHUHQWLDO LQWHUFRQQHFWV LV
SURSRVHG7KHSURFHGXUHLVH[SORLWHGLQFRPELQDWLRQZLWK
0RQWH &DUOR VLPXODWLRQV LQ RUGHU WR HIILFLHQWO\ REWDLQ
VWDWLVWLFDOHVWLPDWHVRIXQGHVLUHGFRPPRQPRGHYROWDJHV
DQG FXUUHQWV DULVLQJ IURP DV\PPHWULHV DQG QRQ
XQLIRUPLWLHV LQWURGXFHG E\ WKH PDQXIDFWXULQJ SURFHVV
&RPSDUHG WR WKHVWDQGDUGVROXWLRQPHWKRG WKHSURSRVHG
SURFHGXUHDOORZVDVLJQLILFDQWUHGXFWLRQRIFRPSXWDWLRQDO
WLPHVZKLOHUHWDLQLQJWKHVDPHSUHGLFWLRQDFFXUDF\

,QWURGXFWLRQ

,Q UHFHQW \HDUV VWDWLVWLFDO DSSURDFKHV JDLQHG LQFUHDVLQJ
DWWHQWLRQ IURP (OHFWURPDJQHWLF &RPSDWLELOLW\ (0&
HQJLQHHUV GXH WR WKH QHFHVVLW\ WR PRGHO VWUXFWXUHV
DIIHFWHG E\ SDUDPHWHU XQFHUWDLQW\ UHVXOWLQJ IURP ODFN RI
NQRZOHGJHDQGRUPDQXIDFWXULQJWROHUDQFHV7KHVWDQGDUG
QRQLQWUXVLYH DSSURDFK FRPPRQO\ NQRZQ DV 0RQWH
&DUOR0&WRWDFNOHVXFKDPRGHOLQJLVVXHUHVRUWVWRWKH
JHQHUDWLRQRIDVXLWDEO\ODUJHQXPEHURIUDQGRPVDPSOHV
RI WKH VWUXFWXUH XQGHU DQDO\VLV DQG WR UHSHDWHG
GHWHUPLQLVWLF VLPXODWLRQV DLPHG DW WKH HYDOXDWLRQ RI
VWDWLVWLFDO HVWLPDWHV RI WDUJHW TXDQWLWLHV 7KHUHIRUH VLQFH
WKH RYHUDOOPRGHO HIILFLHQF\ LV VHW E\ WKH FRPSXWDWLRQDO
FRVW RI WKH XQGHUO\LQJ GHWHUPLQLVWLF PRGHO WKH
GHYHORSPHQW RI IDVW DQG DFFXUDWH VROXWLRQ DSSURDFKHV LV
KLJKO\GHVLUDEOHLQRUGHUWRUHGXFHVLPXODWLRQWLPH

,Q WKLV SHUVSHFWLYH DQ DSSUR[LPDWH EXW FRPSXWDWLRQDOO\
HIILFLHQW SURFHGXUH WR VWDWLVWLFDOO\ DQDO\]H WKH HIIHFWV
RZLQJ WR XQGHVLUHG DV\PPHWULHV DQG QRQXQLIRUPLWLHV
DIIHFWLQJGLIIHUHQWLDOLQWHUFRQQHFWVLVKHUHSURSRVHG6XFK
D SURFHGXUH OHYHUDJHV WKH SHUWXUEDWLRQ DSSURDFK LQ >@
ZKLFK LV KHUH UHSKUDVHG LQ WKH PRGDO GRPDLQ DQG
VLPSOLILHG XQGHU WKH DVVXPSWLRQ RIZHDN LPEDODQFH >@
7KHSURSRVHGDSSURDFKLVKHUHH[HPSOLILHGE\PHDQVRID
FDQRQLFDOGLIIHUHQWLDOOLQH'/FLUFXLWFRPSRVHGRIDSDLU
RI FRXSOHG PLFURVWULSV ZLWK JHRPHWULFDO FKDUDFWHULVWLFV
WKDWGLIIHU IURP WKHQRPLQDORQHVGXH WR LPSHUIHFWLRQ LQ
WKH PDQXIDFWXULQJ SURFHVV $Q HQKDQFHG 0R0EDVHG
VROYHULVXVHGIRUWKHHYDOXDWLRQRIWKHFRUUHVSRQGLQJSHU
XQLWOHQJWKSXOSDUDPHWHUVZKRVHHIILFLHQWHYDOXDWLRQ
LV PDGH FULWLFDO GXH WR WKH FRPELQHG HIIHFW RI PHGLXP
LQKRPRJHLQLW\DQGOLQHQRQXQLIRUPLW\
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)LJXUH3ULQFLSOHGUDZLQJRIWKHLGHDO'/XQGHUVWXG\
OHIWDQGDVVRFLDWHG3&%FURVVVHFWLRQULJKW

7KH SURSRVHG PHWKRG DOORZV REWDLQLQJ VWDWLVWLFDO
HVWLPDWHVRIFRPPRQPRGH&0YROWDJHVDQGFXUUHQWVDW
WKH '/ WHUPLQDOV ZLWK D VLJQLILFDQW UHGXFWLRQ RI
FRPSXWDWLRQDOFRVWVZLWKUHVSHFW WR WKHVWDQGDUGVROXWLRQ
DSSURDFKLQWKHIROORZLQJUHIHUUHGWRDVuniform cascade 
sections 8&6 PHWKRG >@ QHYHUWKHOHVV UHWDLQLQJ WKH
VDPHSUHGLFWLRQDFFXUDF\

07/PRGHOLQJ

,GHDOYVVWRFKDVWLF'/XQGHUDQDO\VLV

$ SULQFLSOH GUDZLQJ RI WKH LGHDO GLIIHUHQWLDO OLQH '/
FLUFXLW XQGHU DQDO\VLV LV VKRZQ LQ )LJ  7KH OLQH LV
FRPSRVHG RI WZR LGHDOO\ LGHQWLFDO WUDFHV SULQWHG RQ WKH
WRS VLGH RI D GRXEOHVLGHG SULQWHGFLUFXLW ERDUG 3&%
FKDUDFWHUL]HGE\WKHIROORZLQJJHRPHWULFDOHOHFWULFDOGDWD
h    PP HU    t    PP s    PP
w=w PP L PP$QLGHDO'0VRXUFHVs 
9 GULYHV WKH '/ IURP WKH QHDUHQG $GGLWLRQDOO\
WHUPLQDOVHFWLRQV WKDWDUHSHUIHFWO\EDODQFHGZLWK UHVSHFW
WR JURXQG DV ZHOO DV LGHDOO\ PDWFKHG WR WKH '0
LPSHGDQFH RI WKH WZR WUDFHV LH Z  ZDM  DUH
FRQQHFWHGDWERWKOLQHHQGV

7R DFFRXQW IRU SRVVLEOH LPSHUIHFWLRQV LQ WKH
PDQXIDFWXULQJSURFHVV D SHUWXUEDWLRQRI WKHJHRPHWULFDO
SDUDPHWHUVRIWKHDIRUHVDLGLGHDOVWUXFWXUHLVLQWURGXFHGDV
VKRZQ LQ )LJ  3DUWLFXODUO\ DW WKH'/ HQGSRLQWV LH
IRUz DQGIRUz  L WKHZLGWKRIWKH WZRWUDFHVLH
w, wL DQGwwL DV ZHOO DV WKHLU VHSDUDWLRQ
LH V VL DUH WUHDWHG DV UDQGRP YDULDEOHV 59V
ZLWK YDULDWLRQ DURXQG WKHLU QRPLQDO YDOXHV GHVFULEHG E\
WKH QRUPDO GLVWULEXWLRQV LQ 7DEOH  7KH DFWXDO WUDFH
OD\RXW LV WKHQREWDLQHGE\MRLQLQJ WKHVHUDQGRPVWDUWLQJ
DQG HQGSRLQWV NHHSLQJ WKH WUDFH D[HV IL[HG WKXV
DOORZLQJ WKH VWRFKDVWLF JHQHUDWLRQ RI VHYHUDO 3&%
FRQILJXUDWLRQVWREHH[SORLWHGLQWKH0&VLPXODWLRQV
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1XPHULFDOHYDOXDWLRQRISXOSDUDPHWHUV

,QRUGHUWRJHWVWDWLVWLFDOHVWLPDWHVRIWKHUHVSRQVHRIWKH
QRQLGHDO'/XQGHUDQDO\VLV WKHJHQHUDWLRQDQGDQDO\VLV
RI VHYHUDO'/ VDPSOHV DUH UHTXLUHG+RZHYHU OLQH QRQ
XQLIRUPLW\ LQ FRPELQDWLRQ ZLWK PHGLXP LQKRPRJHQHLW\
SRVHV LVVXHV FRQFHUQLQJ WKH HIILFLHQW HYDOXDWLRQ RI WKH
LQYROYHG SXO SDUDPHWHUV 7R VSHHG XS WKH SXO
SDUDPHWHUHYDOXDWLRQDQLPSURYHPHQWRIWKH0R0EDVHG
QXPHULFDO VROYHU SURSRVHG LQ >@ LV KHUHLQDIWHU XVHG ,Q
>@ WUDFH WKLFNQHVV ZDV DVVXPHG WR EH LQILQLWHVLPDOO\
VPDOO ,Q WKHSURSRVHG LPSOHPHQWDWLRQ LQVWHDGHPSLULFDO
FRUUHFWLRQ IDFWRUV DUH LQWURGXFHG WR DFFRXQW IRU WKH QRQ
QXOOWKLFNQHVVRIWKH3&%WUDFHV0RUHSUHFLVHO\VHOIDQG
PXWXDO SXO LQGXFWDQFHV DQG FDSDFLWDQFHV DUH HYDOXDWHG
E\ UHVRUWLQJ WR HTXLYDOHQW WUDFHV VWLOO RI LQILQLWHVLPDO
WKLFNQHVV EXW ZLWK ZLGWK DQG VHSDUDWLRQ PRGLILHG DV
IROORZV

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ZKHUH  w s DQGtDUHWKHDFWXDOZLGWKVVHSDUDWLRQDQG
WKLFNQHVV RI WKH WUDFHV ZKHUHDV D E DUH HPSLULFDO
FRUUHFWLRQ IDFWRUV IRU WKHVKDSHDQGUHODWLYHSHUPLWWLYLW\
UHVSHFWLYHO\ZLWKH[SUHVVLRQV
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7KH XVH RI WKH FRUUHFWLRQ IDFWRUV LQ   \LHOGV DQ
DSSUHFLDEOHLQFUHDVHLQWKHDFFXUDF\RIWKHLQGXFWDQFHDQG
FDSDFLWDQFH SXO SDUDPHWHUV 7KLV LV SURYHQ LQ )LJ 
ZKHUH WKH PD[LPXP UHODWLYH HUURU GHILQHG DV WKH
PD[LPXPEHWZHHQWKHHUURUVRQHDFKSXOSDUDPHWHU

)LJXUH  ,PSURYHPHQW LQ WKH DFFXUDF\ RI WKH SXO
SDUDPHWHUV DFKLHYHG E\ PRGLI\LQJ WKH DFWXDO 3&%WUDFH
GLPHQVLRQVE\WKHFRUUHFWLRQIDFWRUVLQ

ij ijcA ZLWK UHVSHFW WR WKH UHIHUHQFH YDOXHV ij ijcA 
FDOFXODWHGE\$QV\V0D[ZHOO>@LH
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LVSORWWHGDVIXQFWLRQRIWKHZLGWKWRWKLFNQHVVUDWLRwt
7KHPDJHQWD FXUYH LV REWDLQHG E\PHDQVRI WKHRULJLQDO
FRGH LQ >@ 7KH EOXH FXUYH LV REWDLQHG E\ DSSO\LQJ WKH
FRUUHFWLRQ IDFWRUV LQ  RQO\ ZKHUHDV WKH UHG FXUYH LV
REWDLQHGE\DSSO\LQJERWKWKHFRUUHFWLRQIDFWRUVLQDQG
,QJHQHUDOPD[LPXPGLVFUHSDQFLHVZLWKUHVSHFWWR>@
DUH REVHUYHG IRU WKH PXWXDO SXO FDSDFLWDQFH ZKRVH
YDOXH UHVXOWV WR EH ORZHU WKDQ WKH DFWXDO RQH LI WUDFH
WKLFNQHVVLVQHJOHFWHG

$SSUR[LPDWHYVH[DFWVROXWLRQ

)RU WKH VROXWLRQ RI WKH UHVXOWLQJ QRQXQLIRUP '/ DQ
DSSUR[LPDWH DSSURDFK EDVHG RQ WKH FRQFHSW RI
SHUWXUEDWLRQ >@ DQG H[SORLWLQJ WKH DVVXPSWLRQ RI ZHDN
LPEDODQFH >@ LV KHUH DGRSWHG ZLWK WKH REMHFWLYH WR
UHGXFH WKH FRPSXWDWLRQDO EXUGHQ DVVRFLDWHG ZLWK WKH
VWDQGDUG VROXWLRQ KHUHLQDIWHU 8&6 EDVHG RQ WKH
GLVFUHWL]DWLRQRIWKHOLQHLQWRXQLIRUPVXEVHFWLRQV>@

7KHSURSRVHGSURFHGXUHLVEDVHGRQ>@ZKHUHOLQHQRQ
XQLIRUPLW\ LV WUHDWHG DV D SHUWXUEDWLRQ RI D UHIHUHQFH
XQLIRUP OLQH ZLWK SXO SDUDPHWHUV DYHUDJHG DORQJ WKH
OLQH OHQJWK$VVKRZQLQ >@ LQ WKHDEVHQFHRIGLHOHFWULF
PDWHULDO IRU'/FLUFXLWV VXFK DQ DSSURDFKFDQEH HDVLO\
UHIRUPXODWHG IRU '/ FLUFXLWV LQ WKH PRGDO GRPDLQ DQG
VLPSOLILHG E\ UHVRUWLQJ WR WKH DVVXPSWLRQ RI ZHDN
LPEDODQFH >@ 7KLV OHDGV WR D VLJQLILFDQW GHFUHDVH LQ
FRPSXWDWLRQDO WLPH ZLWK UHVSHFW WR WKH 8&6 PHWKRG
)XUWKHUPRUH WDNLQJ WKH&0DQG'0 HTXLYDOHQW FLUFXLWV
DVVRFLDWHGZLWK WKH LGHDO'/VWUXFWXUH LH WKHSHUIHFWO\
XQLIRUP DQG PDWFKHG '/ LQ )LJ  DV UHIHUHQFHOLQH
DOORZV WR FOHDUO\ SXW LQ HYLGHQFH WKH SHUWXUEDWLYH HIIHFW
WKDW XQGHVLUHG QRQXQLIRUPLWLHV DIIHFWLQJ '/V LQWURGXFH
RQWKHPRGDOYROWDJHVDQGFXUUHQWV

,QGHHGLQWKHPRGDOGRPDLQWKHDVVXPSWLRQRIZHDN

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

E
)LJXUH &RPSDULVRQRID'0DQGE&0YROWDJHVDW
OLQHWHUPLQDOVDVSUHGLFWHGE\WKH8&6PRGHODQGE\WKH
SURSRVHGDSSUR[LPDWHSURFHGXUH

LPEDODQFHDOORZVDSSUR[LPDWLQJWKHLQYROYHG7HOHJUDSKHU
(TXDWLRQV>@DV
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ZKHUH   DM DM CM CMc c  A A DUH WKH '0 DQG &0 SXO
SDUDPHWHUV RI WKH LGHDO VWUXFWXUH  c' 'A DUH WKH RII
GLDJRQDOHQWULHVRIWKHPRGDOSXOPDWULFHVRIWKHDFWXDO
'/ DQG DM DMc' 'A GHQRWH WKH GLIIHUHQFH EHWZHHQ WKH
SXO '0 LQGXFWDQFH DQG FDSDFLWDQFH RI WKH DFWXDO DQG
LGHDO'/

6LQFH WKH DVVXPSWLRQ RI ZHDN LPEDODQFH DOORZV
QHJOHFWLQJ WKH EDFNLQWHUDFWLRQ RI WKH&0RQWR WKH'0
HTXDWLRQV LQ  GR QRW GHSHQG RQ WKH &0 $V D
FRQVHTXHQFH'0TXDQWLWLHVFDQEHFRPSXWHGDVWKHILUVW
VWHS E\ LWHUDWLYH VROXWLRQ >@ RI DQ HTXLYDOHQW WZR
FRQGXFWRU 7/ FKDUDFWHUL]HG E\ D WKH '0 SXO
SDUDPHWHUVRIWKHLGHDO'/DQGEHTXLYDOHQWGLVWULEXWHG
VRXUFHV SURSRUWLRQDO WR '0 YROWDJHV DQG FXUUHQWV
HYDOXDWHG DW WKH SUHYLRXV LWHUDWLRQ VWHS 7KH VROXWLRQ LV
WKHQ FDVW DV D VXP RI SHUWXUEDWLRQV HJ
   nDM DM DM DMV V V V#   ZKHUH n GHQRWHV WKH WRWDO
QXPEHURI LWHUDWLRQV2QFH WKH'0TXDQWLWLHVKDYHEHHQ
UHILQHG WKH&0TXDQWLWLHV DUH HYDOXDWHG LQ D VLQJOH VWHS
RQO\ E\ LQFOXGLQJ LQWR WKH LGHDO &0 FLUFXLW GLVWULEXWHG
YROWDJHDQGFXUUHQWVRXUFHVSURSRUWLRQDOWRWKHFDOFXODWHG
'0TXDQWLWLHV

$V D WUDGHRII EHWZHHQ FRPSXWDWLRQDO HIILFLHQF\ DQG
SUHGLFWLRQ DFFXUDF\ LQ WKH UHPDLQGHU RI WKLV ZRUN WKH
RUGHU RI LWHUDWLRQ IRU WKH '0 ZLOO EH VHW WR n  7KH
DFFXUDF\DFKLHYHGE\WKLVDSSUR[LPDWHVROXWLRQLVVKRZQ
LQ)LJZKHUH WKHSUHGLFWLRQVRIPRGDOYROWDJHVDW WKH
OLQH WHUPLQDOV DUH FRPSDUHG ZLWK WKRVH REWDLQHG E\ WKH
8&6PRGHO IRUDVSHFLILF'/VDPSOHZLWKw 
PPwL   PPw   PPw/   
PPs PPsL PP

6WDWLVWLFDODQDO\VLV

)RUWKHVWDWLVWLFDODQDO\VLVVDPSOHVRIWKHVWRFKDVWLF
PLFURVWULS'/LQ)LJZHUHJHQHUDWHGDFFRUGLQJWRWKH
LQWHUYDOVRIYDULDWLRQRIWKHVL[59VLQGLFDWHGLQ7DEOH,
)RU HDFK FRQILJXUDWLRQ WKH SXO SDUDPHWHUV ZHUH
HYDOXDWHGDWSRLQWVDORQJz0&VLPXODWLRQVDLPHGDW
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